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Electron – Proton scattering

• At low energies, elastic scattering, the proton remains intact. 

Interaction between a photon and a proton (as a whole) → global

properties of the proton such as radius. 

• At high energies, deep inelastic scattering, the proton breaks up. 

Is interpreted as the elastic scattering of the electron from one of 
the quarks within the proton. 

The proton has a very complex structure. 

How to study it?

• How deep the virtual particle can 

penetrate the proton depends on the 
equivalent wavelength of the exchanged 

virtual photon:

𝜆 ≪ 𝑅 → 𝑄2 ≫ ℏ2/𝑅2

Deep inelastic scattering 

gives the momentum 

distribution of the quarks.

Proton – proton scattering

𝑒−𝑝 best way to study proton
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Why Deep Inelastic Scattering?

This course is titled “Experimental High Energy Physics at Colliders”

• Colliders are today the most powerful instrument to study the innermost structure of matter

• Proton-proton colliders are the accelerators that can reach the highest energies, for reasons that will be clear 

when discussing about accelerators
• Proton are very complex objects, with a complex internal structure

• The interpretation of scattering experiments need to be based on the understanding of the proton structure

• The scattering lepton-nucleon allows us to study the structure of the proton

Deep Inelastic Scattering 

→ DIS

Many generation of scattering experiments. 

• Initially they used leptons (mostly electrons) 

produced in accelerators and sent on a target

• The last generation was the HERA collider at Desy, 

Germany

30 GeV electrons against 900 GeV protons

Basis of QCD, the theory of hadronic interactions 
Deep Inelastic Scattering 

→ USE leptons
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Deep Inelastic 𝑆𝑐𝑎𝑡𝑡𝑒𝑟𝑖𝑛𝑔 (𝐷𝐼𝑆)

• DIS = 

• QED interaction of a virtual photon with the 

constituent quarks inside the proton (electrons & 

muons);

• Weak interactions induced by a  can also give 
information on the structure of hadrons;

• A lot of  experimental data, the measured structure 

functions describe the momentum distributions of the 

quarks. 

• The proton is found to be a complex dynamical system 

made of quarks, gluons and antiquarks.

DIS measurements interpreted using 𝑥. This variable is  generally known as “Bjorken 

scaling variable” and gives an indication of the inelasticity of the process. 

• 𝑥 = 1 → 𝑒𝑙𝑎𝑠𝑡𝑖𝑐 𝑠𝑐𝑎𝑡𝑡𝑒𝑟𝑖𝑛𝑔;
• 𝑥 < 1 → 𝑖𝑛𝑒𝑙𝑎𝑠𝑡𝑖𝑐 𝑠𝑐𝑎𝑡𝑡𝑒𝑟𝑖𝑛𝑔 𝑜𝑛 𝑐𝑜𝑠𝑡𝑖𝑡𝑢𝑒𝑛𝑡𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑟𝑜𝑡𝑜𝑛
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Start to understand ‘x’

What do we see with increasing 𝑄2? 

See above 3 different cases

1 2 3

1. The Q2 of the reaction is ~low, the nucleon is seen by the exchanged photon as a unique object. We have elastic 

scattering

2. The Q2 of the reaction is not as ~low as in 1, not enough to probe the inner structure but enough to excite the 

nucleon

3. The Q2 of the reaction is ~large enough to see the internal structure of the proton and the photon scatters 
elastically on one of the internal constituents of the nucleon

Q2 ↑ wave length of the probe particle ↓
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More Understanding of ‘x’

The photon hits one 

constituent of the nucleon

The constituent of the nucleon 

is scattered elastically

The peak at ~1/3 can be understood as the “most probable” x value corresponding to the 

elastic scattering of the photon and one of the nucleon constituents.

If we assume that the ‘x’ budget is equally shared by ‘n’ nucleon constituents then

𝒙 =
𝟏

𝒏

𝑸𝟐

𝟐𝑷𝒒
=

𝟏

𝒏

𝑸𝟐

𝟐𝑴𝝂
1

3
=

1

𝑛
→ there are 3 components in the nucleon

This term is equal to 1 in case of 

elastic scattering

E
xp

e
ri

m
e
n

ta
l f

a
c
t

The constituent of the quark 

cannot be observed → it 

‘transforms’ into several 

hadrons (”it hadronizes”) (will 

see this later)
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Inelastic Lepton-Nucleus Scattering

Electromagnetic Weak Charged Current Weak Neutral Current

Particles

Quark model

hadronshadrons

Spectators

N = p / n

∆𝑥∆𝑄𝑐 = ℏ𝑐
≈ 197𝑀𝑒𝑉 ∙ 𝑓𝑚

𝑄2 = 4 ∙ 102𝐺𝑒𝑉2/𝑐2

→ ∆𝑥 ≈ 10−17𝑚

𝑄2 = 4 ∙ 104𝐺𝑒𝑉2/𝑐2

→ ∆𝑥 ≈ 10−18𝑚
Flavour change
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Electron – Proton scattering: History

Studying the nucleon’s constituents the wave length of the probe particle λ has to be small compared to the nucleon’s 

radius, R 

𝜆 ≪ 𝑅 → 𝑄2 ≫ ℏ2/𝑅2

Large Q2 values are needed → high energies are required. 

• The first generation ~1960 @ SLAC 25 GeV electrons on a target 

• The second generation ~ 1980 @ CERN using beams of muons of up to 300 GeV (*). 

• The last generation ~1990 → 2007 @ DESY Collider HERA: 30 GeV electrons against 900 GeV protons (see next 

slides).

➢ In the SLAC experiments, the basic properties of the quark and gluon structure of the hadrons were established. 

➢ The second and the third generations of experiments are at the basis of the 

Quantum Chromodynamics, 
the theory of the strong interaction.

(*) Protons of 400 GeV on a target produced pions which were kept confined in a 200 meters tunnel. During the flight part of the pions decayed into 
muons which were collected into a beam with energies up to 300 GeV. 

Beams on target

Collider



To
n
i 
B

a
ro

n
c
e

lli
: 
D

e
e

p
 I

n
e

la
s
ti
c
 S

c
a

tt
e

ri
n

g

10

Producing Muon Beams

400 GeV 

proton beam

Target (Fe?)

Secondaries, 

mostly 

p + Fe → X (~1/3 + + 1/3 − + 1/3 ) +  p (1/2 energy)

200 m long decay tunnel

bend charged pions (+ or -)

D
ip

o
le

s 





Goes ~undetected

HOWEVER may give a 

neutrino beam

Pion decay in flight

𝜋+ 𝑔𝑖𝑣𝑒𝑠 𝜈 𝑎𝑛𝑑 𝜇+

𝜋− 𝑔𝑖𝑣𝑒𝑠 ҧ𝜈 𝑎𝑛𝑑 𝜇−
𝜋+ → 𝜇+ + 𝜈

𝜋0 → 𝛾 + 𝛾

𝜋− → 𝜇− + ҧ𝜈
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Producing Neutrino Beams

Neutrino / anti-neutrino beams
Narrow band  beam

Broad band  beam

Narrow band  beam: ~ selected in momentum ~ low intensity

Broad band  beam: ~ not selected in momentum ~ high intensity

Experiments:

The mean free path in iron of 10GeV neutrinos is 𝜆 ≈ 2.6 ∙ 109𝐾𝑚
(~ 20 cm for hadrons!).  This means that only a very small fraction 
3 ∙ 10−13 of 10 GeV neutrinos interact in a meter of iron. With a flux 

of 1012 neutrinos (for 1013 accelerated protons incident on the 

target), there are only 0.3 interactions in one meter of iron. 

→ very long and massive detectors

Narrow band  beam

Narrow band ҧ𝜈 beam

Broad band ҧ𝜈 beam

Broad band  beam

Absorber 

of charged 

particles

𝜋− → 𝜇− + ҧ𝜈

𝜋+ → 𝜇+ + 𝜈

400 GeV protons
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Hera, Hadron-Electron Ring in Desy-DE

• 15 to 30 m underground and circumference of 6.3 km. Leptons

and protons → two independent rings

• At HERA, 27.5 GeV electrons (or positrons) collided with 920

GeV protons, cms energy of 318 GeV (*).
• electrons or positrons: 450 MeV, 7.5 GeV, 14 GeV, 27.5 GeV.

• Protons: 50 MeV, 7 GeV, 40 GeV, 920 GeV.

• 4 interaction regions, 4 experiments H1, ZEUS, HERMES and

Hera-B.
• About 40 minutes to fill the machine

• Operated between 1992 and 2007.

Circular 𝑒 + 𝑝 accelerator @ Desy, Hamburg-DE. 

∗ 𝐸𝑐𝑚 𝑜𝑟 𝑐𝑚𝑠 = 𝑚𝑝
2 + 𝑚𝑒

2 + 2𝐸𝑝𝐸𝑒(1 − 𝛽1𝛽2 cos 𝜃 ) ≈ 2𝐸𝑝𝐸𝑒 ∙ 2
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HERA Accelerator Complex

1
1

2

2

3

3

Three stage acceleration: Linac and Petra and then Hera

Desy, Hamburg-DE

Accel. e p

Linac 450 MeV 50 MeV

Desy II/III 7.5 GeV 7 GeV

Petra 14 GeV 40 GeV

Hera 27.5 GeV 920 GeV
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Display of one DIS event in Hera

To deduce the momentum transfer Q2

and the energy loss  =E’-E, 

the energy and the scattering angle of 

the electron have to be determined in 

the experiment.

Very asymmetric event topology!

Up to 920 GeV protons
~30 GeV electrons

The direction of all charged particles is measured in the inner tracking 

detector. The energy of the scattered electron is measured in the 

electromagnetic calorimeter, that of the hadrons in the hadron calorimeter.
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DIS Variables

• Elastic Scattering e against point-like proton: 1 variable only determines kinematics

• Inelastic Scattering electron against complex proton: 2 variables are needed.

Possible choices:

• Q2 negative of the 4-momentum of the virtual photon 𝑸𝟐 = −𝒒𝟐;

• Bjorken 𝒙 =
𝑸𝟐

𝟐𝒑𝟐∙𝒒

At high Q2  the electron mass can be neglected and p ~ E

Get physical meaning by computing the invariant mass of the hadronic system W 2

W 2

You always have one 

baryon (p lightest)
If 𝒙 = 𝟏 → 𝑊2 = 𝑚𝑝

2 →

elastic scattering 

Elasticity of the interaction

dimensionless
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DIS Variables

The inelasticity 𝓎

dimensionless

In the frame where the proton is at rest

Relative energy 

lost by the e 

(%) 

𝐸4
2 > 𝑚𝑝

2

𝑝1 = (𝐸1, 0,0, 𝐸1) incoming electron

𝑝2 = (𝑚𝑝, 0,0,0) proton at rest

𝑝3 = (𝐸3, 𝐸3 ∙ sin(𝜃), 0, 𝐸3 ∙ cos(𝜃)) outgoing electron
𝑞 = (𝐸1 − 𝐸3, 𝒑𝟏 − 𝒑𝟑)

The electron energy loss ν In the system where the proton is 

at rest ν is the energy lost by the 

incoming electron
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Summary of DIS Invariant Quantities

𝜈 =
𝑞 ⋅ 𝑃

𝑀
= 𝐸 − 𝐸′ lepton’s energy loss

𝑄2 = −𝑞2

= 2 𝐸𝐸′ − 𝑘 ∙ 𝑘′ − 𝑚ℓ
2 − 𝑚ℓ′

2 𝑄2 𝑣𝑎𝑙𝑢𝑒

𝑖𝑓: 𝐸𝐸′𝑠𝑖𝑛2(
𝜃

2
) ≫ 𝑚ℓ

2, 𝑚ℓ′
2 𝑡ℎ𝑒𝑛

𝑄2 ≈ 4 𝐸𝐸′𝑠𝑖𝑛2(
𝜃

2
)

𝑄2 𝑣𝑎𝑙𝑢𝑒 𝑤ℎ𝑒𝑛 𝑚ℓ
2, 𝑚ℓ′

2 𝑛𝑒𝑔𝑙𝑖𝑔𝑒𝑎𝑏𝑙𝑒

𝑥 =
𝑄2

2𝑀𝜈

fraction of the nucleon’s momentum 
carried by the struck quark

𝑦 =
𝑞 ⋅ 𝑃

𝑘 ∙ 𝑃
=

𝜈

𝐸

fraction of the lepton’s energy lost in 
the nucleon rest frame

𝑊2 = (𝑃 + 𝑞)2 = 𝑀2 + 2𝑀𝜈-𝑄2 mass squared of the system recoiling 
against the scattered lepton

𝑠 = (𝑘 + 𝑃)2 =
𝑄2

𝑥𝑦
+ 𝑀2 + 𝑚ℓ

2 lepton-nucleon center-of-mass energy

• 𝐸, 𝐸′ 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑎𝑛𝑑 𝑓𝑖𝑛𝑎𝑙 𝑙𝑒𝑝𝑡𝑜𝑛 𝑒𝑛𝑒𝑟𝑔𝑦
• 𝜃 𝑙𝑒𝑝𝑡𝑜𝑛 𝑠𝑐𝑎𝑡𝑡𝑒𝑟𝑖𝑛𝑔 𝑎𝑛𝑔𝑙𝑒
• M nucleon mass

Elastic scattering: kinematics 

determined by

➢ 𝜃 𝑙𝑒𝑝𝑡𝑜𝑛 𝑠𝑐𝑎𝑡𝑡𝑒𝑟𝑖𝑛𝑔 𝑎𝑛𝑔𝑙𝑒

Inelastic scattering:
kinematics determined by

➢ 𝜃 𝑙𝑒𝑝𝑡𝑜𝑛 𝑠𝑐𝑎𝑡𝑡𝑒𝑟𝑖𝑛𝑔 𝑎𝑛𝑔𝑙𝑒
➢ 𝐸′ 𝑓𝑖𝑛𝑎𝑙 𝑙𝑒𝑝𝑡𝑜𝑛 𝑒𝑛𝑒𝑟𝑔𝑦
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DIS at ~Low Q2

2 variables needed to describe kinematics →
𝑑2𝜎

𝑑Ω𝑑𝐸
→ 𝐸, Ω → 𝜃 : Final electron energy & electron scattering angle

At ~low Q2 both elastic and inelastic scattering can happen

𝑝1 = 4.879, 𝜃 = 10°, 𝐸3 ≈ 4.5 𝐺𝑒𝑉 → 𝑚𝑝

→ 𝑒𝑙𝑎𝑠𝑡𝑖𝑐 𝑠𝑐𝑎𝑡𝑡𝑒𝑟𝑖𝑛𝑔

Resonances

The continuum: start of DIS

→ the proton is broken →

multi-particle final states.

Continuum

resonances = excited 

bound states of the 

proton (quarks 

composition uud), 

which subsequently 
decay strongly. 

Width Γ , lifetime 𝜏

Γ =
1

𝜏

𝑝1 = (𝐸1, 0,0, 𝐸1) incoming electron

𝑝2 = (𝑚𝑝, 0,0,0) proton at rest

𝑝3 = (𝐸3, 𝐸3 ∙ sin(𝜃), 0, 𝐸3 ∙ cos(𝜃))

𝑞 = (𝐸1 − 𝐸3, 𝒑𝟏 − 𝒑𝟑)
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Low Q2 DIS measurements

Mott cross section 

(point-like proton)
W

• At high values of W (hadronic system) →

dependence on Q2 much weaker than for elastic 

scattering;

• The higher the mass (→ more in DIS region) the 

smaller the dependence;

• Qualitatively explained by Form Factor 
𝐹𝐷𝑖𝑟𝑎𝑐(𝑄2)

𝐹𝑃𝑟𝑜𝑡𝑜𝑛(𝑄2)

τ =
𝑄2

𝑀2𝑐2

Rosenbluth Formula 

Low Q2 → low resolution of the lepton (probe) →

lepton sees all the proton charge
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Rosenbluth Formula Modified

Rosenbluth formula is the most general expression for the elastic scattering cross section 

𝑒𝑝 → 𝑒𝑝

Puts into evidence electric 

and magnetic form factors

𝐺𝐸, 𝐺𝑀 = 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑠(𝑞2)

Can be rewritten (in Lorentz-invariant form) by 

• introducing two new functions: 𝑓1(𝑄2), magnetic only,  and 

𝑓2 𝑄2 , magnetic and electric;

• Using y (for elastic scattering x=1 and y depends only on Q2 )

𝑥 =
𝑄2

2𝑝2 ∙ 𝑞

1=
𝑄2

2𝑝2∙𝑞
→ 2𝑝2 ∙ 𝑞= 𝑄2

→ 𝑦 = 𝑄2/(2 ∙ 𝑝2 ∙ 𝑝1)

Elastic scattering, proton 

doesn’t break, x=1 → y  
depends on Q2 only

𝑝1 = (𝐸1, 0,0, 𝐸1) incoming electron

𝑝2 = (𝑚𝑝, 0,0,0) proton at rest

𝑝3 = (𝐸3, 𝐸3 ∙ sin(𝜃), 0, 𝐸3 ∙ cos(𝜃))

𝑞 = (𝐸1 − 𝐸3, 𝒑𝟏 − 𝒑𝟑)

constant
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Structure Functions: Inelastic Scattering

Elastic scattering: 1 variable

𝑓(𝑄2)

Inelastic scattering: 2 variables

F(𝑥, 𝑄2)

F1(𝑥, 𝑄2)
Purely magnetic 

term

If  Τ𝑚𝑝
2𝑦2 𝑄2 ≪ 1

In a fixed target experiment 𝑒−𝑝 the values of 

𝑄2, 𝑥 𝑎𝑛𝑑 𝑦 can be determined by the measurement of 

the energy and direction of the scattered electron,𝐸3, 𝜃

The double differential cross section 
𝑑2𝜎

𝑑𝑥𝑑𝑄2 can me constructed by counting how many events you have between 

𝑥 → 𝑥 + Δ𝑥, 𝑄2 → 𝑄2 + Δ𝑄2

F2(𝑥, 𝑄2)
Electric & 

magnetic term

most general Lorentz-invariant

expression for ep → eX inelastic 

scattering, mediated by the 

exchange of a single virtual photon
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Structure Functions & Scaling Violations

𝐹1 and 𝐹2 in inelastic scattering 

𝑒𝑝 → 𝑒 + 𝑋

• Experiment at the Stanford 

Linear Accelerator Centre 
(SLAC) in California. 

• 𝑒− between 5 GeV and 20 

GeV on a hydrogen target. 

• The scattering angle and 

energy of the electron was 

measured using a large 

movable spectrometer.

Experimental finding: F1(x, Q2) and F2(x, Q2) are (almost)  independent of Q2

Point-like scattering object?

Implies: 𝑒𝑝 inelastic scattering = elastic

scattering(s) of 𝑒𝑞 pointlike spin 1/2 

constituent of the 𝑝. Electric and 

magnetic contributions/components are 

defined by the Dirac equation
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𝑒𝑝 → 𝑒𝑞 elastic scattering

Compute Matrix element using the technique 
(Fermi golden rule) you can use for computing

ℳ in

• 𝑒+𝑒− → 𝜇+𝜇−

• 𝑒−𝑝 → 𝑒−𝑝 (Rutherford & Mott & Rosenbluth 

formulas)

1. Define currents

2. Write ℳ

CMS system

Neglect masses

Result is:

quark current

electron current
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𝑒𝑞 → 𝑒𝑞 Calculation in the CMS System

In the CMS system →

𝑒𝑛𝑒𝑟𝑔𝑦𝐶𝑀𝑆 = 𝑠

𝑑𝑒𝑓𝑖𝑛𝑒 𝐸 =
𝑠

2
→

−𝐸𝑞
∗= 𝐸𝑒

∗ = 𝐸 (in the 

relativistic region 𝐸 = p)

Spin averaged !
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Spin Allowed States in 𝑒𝑞 → 𝑒𝑞

Do we understand these angular terms?

The only terms that are non-zero:

𝑆𝑧 = 0 𝑆𝑧 = ±1

→ no preferred direction Angular distribution Τ1
4 (𝑐𝑜𝑠𝜃∗)2

t-c
h
a

n
n

e
l

Propagator effect

Helicity is conserved in high energy 

QED interactions → helicities of quark 

& electron do not change
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The Quark-Parton Model

Proton 4-momentum: (𝐸2, 𝒑𝟐)

DIS studied in a fast moving frame such that masses can be neglected (“Infinite momentum frame”)

One ‘component’ (quark) inside the proton; 

carries a fraction 𝜉 of the proton energy 𝐸2

After the interaction the quark

𝜉𝑝2 → 𝜉𝑝2 + 𝑞
(remember 𝑝2 = 𝑚2)

(𝜉𝑝2)2 = 𝑚𝑞
2

(𝜉𝑝2 + 𝑞)2 = 𝑚𝑞
2 → 2𝜉𝑝2 ∙ 𝑞 + 𝑞2 = 0

𝒙 =
𝑸𝟐

𝟐𝒑𝟐 ∙ 𝒒

𝒙 is the fraction of 𝑝2 carried by the quark 

𝑝1 = (𝐸1, 0,0, 𝐸1) incoming electron

𝑝2 = (𝑚𝑝, 0,0,0) proton at rest

𝑝3 = (𝐸3, 𝐸3 ∙ sin(𝜃), 0, 𝐸3 ∙ cos(𝜃))

𝑞 = (𝐸1 − 𝐸3, 𝒑𝟏 − 𝒑𝟑)

Vocabulary: the proton is made of point-like components termed partons

Quark is treated 

as a free particle!
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𝑒𝑝 scattering vs 𝑒𝑞 scattering

Question: how to correlate 𝑒𝑝 scattering to 𝑒𝑞 scattering?

Study DIS variables. 

Centre Of Mass energy 𝑠 of the 𝑒𝑝 system:

𝑠 = (𝑝1 + 𝑝2)2 ≈ 2𝑝1 ∙ 𝑝2

Centre Of Mass energy 𝑠𝑞 of the 𝑒𝑞 system:

𝑠𝑞 = (𝑝1 + 𝑥 ∙ 𝑝2)2 ≈ 2𝑝1 ∙ 𝑥 ∙ 𝑝2 = x ∙ 𝑠

𝑝1

𝑝𝑞 = 𝑥 ∙ 𝑝2

Compute 𝑥 and 𝑦 in the 𝑒𝑝 system:

𝑦 = Τ𝑝2 ∙ 𝑞 𝑝2 ∙ 𝑝1

x= Τ𝑄2 2 ∙ 𝑝2 ∙ 𝑞
and in the 𝑒𝑞 system:
𝑦𝑞 = Τ𝑝𝑞 ∙ 𝑞 𝑝𝑞 ∙ 𝑝1 = Τ𝑝2 ∙ 𝑥 ∙ 𝑞 𝑝2 ∙ 𝑥 ∙ 𝑝1 = 𝑦

𝑥𝑞 = x = 1 (elastic scattering) 𝑒𝑞 elastic scattering

Rewritten in terms of q2 and s
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Elaborate on 𝑒𝑞 scattering

𝑒𝑞 elastic scattering

Neglect mq

yq=y
𝑥𝑞 = x = 1

Remember 𝑄2 = −𝑞2
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Parton Distribution Functions

a single point-like 
particle

three static 

quarks each 1/3 

of 𝑝𝑝𝑟𝑜𝑡𝑜𝑛

three interacting 

quarks which can 

exchange 
momentum

interacting quarks 

including higher-
order diagrams

Quarks interact inside the proton by exchanging 

gluons
• Exchange of momentum → distribution of x is smeared 

• gluons radiate 𝑞 ത𝑞 pairs (mostly low momentum, propagator ≈
1

𝑞2)

𝑢𝑝(𝑥)𝛿𝑥 number of up-quarks inside the proton between x and x + δx

parton momentum 

distribution PDF

parton momentum 

distribution PDF

PDFs are not a priori known and have to be obtained from experiment.
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More on the Parton Model

Quark i
• charge Qi and 

• # quarks 𝑖 with momentum fraction

𝑞𝑖
𝑝

𝑥 ,∙ 𝑥 ∙ 𝛿𝑥

• Divide by 𝛿𝑥
• Sum over all quark flavours

→ 𝑒p scattering double 

differential cross section

Compare with 

expression containing 

𝐹1
𝑒𝑝

𝑎𝑛𝑑 𝐹2
𝑒𝑝

The parton model: 

• underlying process is elastic point-like objects: 𝑒𝑞 → no (strong) Q2 dependence expected;
• F1 and F2 can be written as functions of x alone: F1(x, Q2) → F1(x) and F2(x, Q2) → F2(x). 

• F1(x) = 2xF2(x) :  elastic underlying process scattering between spin 1/2 Dirac particles; the quark magnetic 

moment fixes structure functions are fixed with respect to one another.

𝑞𝑖
𝑝

𝑥 : ℎ𝑜𝑤 𝑚𝑎𝑛𝑦 𝑞𝑢𝑎𝑟𝑘𝑠 𝑜𝑓 𝑡𝑦𝑝𝑒 𝑖&𝑥

𝑞𝑖
𝑝

𝑥 is PDF
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Determining Parton Structure Functions

How to determine Parton Structure Functions?

Problems:

• 𝛼𝑠 ≈ 1 → cannot do a perturbation expansion of the 𝑝𝑝
scattering (coupling constant has to be small);

• The proton consists of components bound together →
components interact with each other;

• Gluons couple to quarks → 𝑞 ത𝑞 pairs are created/annihilated

→ Structure Functions have to be measured, cannot get them 

from ‘first principles’

𝛼𝑠 ≈ 1

• 𝑞 ത𝑞 pairs are mostly created at low 𝑥 values due to Τ1 𝑞2 gluon propagator;

• 𝑒𝑝 inelastic scattering due to quarks and antiquarks;

• Quarks of all types may contribute but relevance decreases with increasing quark masses → 𝑠 ҧ𝑠 can already be 

neglected (small contribution, even smaller from heavier quarks).

𝑞 ത𝑞 pairs

p
ro

to
n

‘sea’ of 𝑞 ത𝑞 pairs

valence quark

valence quark

valence quark
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Determining Parton Structure Functions - 2

Write explicitly:

• In principle 𝑞𝑖
𝑝

≠ 𝑞𝑖
𝑛

• 𝑢𝑝(𝑥) x-distribution of ‘up’ quarks 
in the proton (shape + integral) 

• 𝑢𝑝(𝑥) = valence quarks + sea 

quarks

• 𝑢𝑝(𝑥) only sea quarks

Charge2

Not only 

gluons, also 

photons but 

𝛼𝑠 ≈ 1 ≫ 𝛼𝐸𝑀

QED contribution small 

or negligible 

Protons and neutrons have very similar characteristics

(isospin symmetry) 

→ can exchange up and down    
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Determining Parton Structure Functions - 3

Integral, not shape

charge2

𝑢𝑛(𝑥) → 𝑑𝑝(𝑥)

charge2

fu fraction of proton momentum carried by up- and anti-up quarks. 

fd fraction carried by the down-/anti-down quarks.

fu and fd obtained directly from the experimental measurements of the proton and neutron structure functions.
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Integral of 𝐹2
𝑒𝑛 and 𝐹2

𝑒𝑝

Using the relation above you get

proton = two up-quarks and one down-quark not surprising that Τ𝑓𝑢 𝑓𝑑 ≈ Τ2 1

• More important: the total fraction of the momentum of the proton carried by quarks 

and antiquarks is ~ 50%; 

• the rest is carried by the gluons, mediators of the strong interaction;

• Because the gluons are electrically neutral, they do not contribute to the QED 
process of electron–proton deep inelastic scattering.

Τ𝑓𝑢 𝑓𝑑 ≈ Τ2 1
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Looking into the Proton

Proton very complex structure.

Gluons → 𝑞 ത𝑞 pairs generated/absorbed → two big types of quarks:

• Valence quarks, determine quantum numbers of the proton;

• Sea quarks, produced in pairs
→
𝑢 𝑥 & 𝑑 𝑥 [… . ] are made of valence and sea quarks at the same time;

ത𝑢 𝑥 & ҧ𝑑 𝑥 [… . ] are made of sea quarks only;

How many 𝑢 𝑥 & 𝑑 𝑥 quarks inside the proton (𝑢𝑢𝑑)?

How many ത𝑢 𝑥 & ҧ𝑑 𝑥 quarks inside the proton (made of valence quarks only 𝑢𝑢𝑑)?

Since quarks and antiquarks are produced in pairs and since 𝑚𝑢 ≈ 𝑚𝑑 → equally 

populated of 𝑢𝑠, 𝑑𝑠, ത𝑢𝑠, ҧ𝑑𝑠
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Qualitative Arguments 𝐹2
𝑒𝑝

If we start from the expression for F2 derived before

Τ𝐹2
𝑒𝑛(𝑥) 𝐹2

𝑒𝑝
(𝑥)

Qualitative arguments:

• Sea quarks produced at low x 
→ dominant at x~0

• Valence quarks mostly at x~1 
(expect 2/3)

OK!

~
se

a
 q

u
a
rk

s
 o

n
ly

~
va

le
n

c
e

 q
u
a

rk
s 

o
n

ly

?

Callan-Gross relation
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Structure Functions at Hera

• The final-state hadronic system: a jet of high-energy particles. 

The energy and direction of this jet of particles is measured 

badly than 

• electron showers;

→ Q2 and x are determined from the energy and scattering angle of 

the electron.
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Scaling Violations

We observed that

OK between x~.01 to .5  → quark point-like object (small dep. on Q2)

Outside this interval, data show ‘scaling violations’ L
o

g
 s

c
a

le

x~.01

x~.5

x~.01 to .5

high Q2 the measured structure functions → lower values of x
relative to the structure functions at low Q2

scaling violation

→ at high Q2, the proton is observed to have a greater fraction of 
low x quarks
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Scaling Violations

Do we understand why scaling violations?

Low Q2 photon

→ sees ‘little’

High Q2 photon

→ sees ‘𝑞 → 𝑞 + 𝑔
→ small x

• proton PDFs cannot be calculated from first principles;

• the Q2  dependence of the PDFs is calculable DGLAP 

(Dokshitzer–Gribov–Lipatov–Altarelli–Parisi) equations 

(QCD). 

• These equations are based on parton splitting functions 
for the QCD processes 𝑞 → 𝑞𝑔 𝑎𝑛𝑑 𝑔 → 𝑞 ത𝑞

Find the analytic parametrization 

that best describes data from 

different sources:

• fixed-target 

𝑒𝑝 & 𝑒𝑛 data;

• Hera 𝑒𝑝 collider 

data;

• 𝜈𝑁 data;
• HEP 𝑝 ҧ𝑝 Tevatron 

collider data;

• very-HE LHC 𝑝𝑝
collider data
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Scaling Violations in DIS

We see that the structure function 

• increases with Q2 at small values of x and 

• decreases when Q2 increases at large values of x . 

This behaviour, called scaling violation, is sketched in Fig. →. 

With increasing values of Q2 many quarks seen → the 

momentum of the proton is shared among many partons →

there are few quarks with large momentum fractions in the 
nucleon → quarks with small momentum fractions 

predominate. 

@ large x 

Q2 decrease 

→ population 

increases

@ small x 

Q2 increase

→ population 

decreases

the experimental points are not shown
Quarks can emit or absorb gluons, gluons may 

split into 𝑞 ഥ𝑞 pairs, or emit gluons themselves. 

Thus, the momentum distribution between the 

constituents of the nucleon is changing 

continuously.
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Extrapolating Structure Functions

The number of partons seen to share the momentum of the nucleon increases when Q2 increases.

Problem!

How to extrapolate measured F2(x) to higher values of Q2?

How do we go Hera → LHC

The dependence of the quark and gluon distributions can be described by a system of coupled integral-differential 

equations [Altarelli Parisi equations]. 

• If αs(Q
2) and the shape of q(x,Q2) and g(x,Q2) are known at a given value Q2

• → q(x,Q2) and g (x,Q2) can be predicted from QCD for all other values of Q2. 

• The coupling αs(Q
2) and the gluon distribution g(x,Q2), which cannot be directly measured, can be determined 

from the observed scaling violation of the structure function F2(x,Q2).
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Altarelli – Parisi Equations (Review Particles Properties)

Nomenclature

fa(x,q2) parton distributions

Pab parton splitting → ab

nf number of active quark flavors
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Altarelli – Parisi Equations (Review Particles Properties)

Symmetries / Significant properties

• 𝑃𝑞𝑔, 𝑃𝑔𝑔: 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐 𝑥 1 − 𝑥

• 𝑃𝑞𝑞, 𝑃𝑔𝑔: 𝑑𝑖𝑣𝑒𝑟𝑔𝑒 𝑓𝑜𝑟 𝑥 → 1

• 𝑃𝑔𝑞, 𝑃𝑔𝑔: 𝑑𝑖𝑣𝑒𝑟𝑔𝑒 𝑓𝑜𝑟 𝑥 → 0

• 𝑃𝑞𝑞′ = 0

• 𝑃ത𝑞𝑔 = 𝑃𝑞𝑔
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